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Abstract. The possible range of the η–η′ mixing angle is determined from the transition form factors
Fηγ(Q

2) and Fη′γ(Q
2) with the help of up-to-date experimental data. For this purpose, the quark-flavor

mixing scheme is adopted and the pseudoscalar transition form factors are calculated in the framework of
light-cone pQCD, in which the transverse-momentum corrections and the contributions beyond the lead-
ing Fock state have been carefully taken into consideration. We construct a phenomenological expression
to estimate the contributions to the form factors beyond the leading Fock state, based on their asymptotic
behavior at Q2→ 0 and Q2→∞. By taking the quark-flavor mixing scheme, our results lead to φ= 38.0◦±
1.0◦±2.0◦, where the first error comes from the experimental uncertainty and the second error from the
uncertainties of the parameters of the wavefunction. The possible intrinsic charm component in η and η′

is discussed, and our present analysis also disfavors a large intrinsic charm component in η and η′, e.g.
|fcη′ | ≤ 50 MeV.

PACS. 13.40.Gp; 12.38.Bx; 14.40.Aq

1 Introduction

The light-cone (LC) formalism [1–4] provides a conve-
nient framework for the relativistic description of hadrons
in terms of quark and gluon degrees of freedom and for
the application of pQCD to exclusive processes. Among
these, η–η′ mixing is a subject of considerable interest,
which has been examined in many investigations, i.e.
experimental ones [5–15] and theoretical ones [16–26].
Some experiments have been done recently, e.g. the new

KLOE value of Rφ =
Γ [φ→η′γ]
Γ [φ→ηγ] = (4.9± 0.1stat± 0.2syst)

×10−3 [11] leads to φ= 41.2◦±1.2◦ [14]; the BES collabo-
ration has announced a new measured value for RJ/Ψ , i.e.

RJ/Ψ =
Γ [J/Ψ→η′γ]
Γ [J/Ψ→ηγ] = 4.94±0.40 [15], which leads to φ=

38.8◦±1.2◦. Furthermore, new measurements of the form
factors Fηγ(Q

2) and Fη′γ(Q
2) in the asymptotic region

by the BaBar collaboration [12],Q2Fηγ(Q
2)|Q2=112 GeV2 =

0.229± 0.030± 0.008GeV and Q2Fη′γ(Q
2)|Q2=112 GeV2 =

0.251±0.019±0.008GeV, will provide further constraints
on the theoretical predictions.
The pseudoscalar transition form factors Fηγ(Q

2) and
Fη′γ(Q

2) provide a good platform to study η and η′ mix-
ing effects; these have already been studied in the literature

a e-mail: huangtao@mail.ihep.ac.cn
b e-mail: wuxg@itp.ac.cn

by several groups [22–24,27–29]. However, in these calcu-
lations, either only the leading Fock state (see e.g. [28])
or only the asymptotic behavior of the form factors (see
e.g. [29]) have been taken in consideration to determine the
mixing angle. As has been pointed out in [24, 27], the mix-
ing angle cannot be reliably determined without properly
considering the contributions from the non-valence quark
states, due to the fact that even though the contributions
of the higher Fock states are power suppressed in a large
Q2 region, they will give sizable contributions to the small
and intermediate regions. In fact, it has been pointed out
in [30, 31] that the leading Fock state contributes only half
of FPγ(Q

2)|Q2=0 (P stands for the pseudoscalar mesons),
and the remaining half should come from the higher Fock
states. The contributions of higher Fock states in a small
Q2 region cannot be calculated in the perturbative QCD
approach due to its non-perturbative features. Recently,
the authors of [32] have constructed a phenomenological
expression for the pion–photon transition form factor to
estimate the contributions beyond the leading Fock state,
based on its asymptotic behavior at Q2→ 0 and Q2→∞
(Q2 stands for the momentum transfer in the process).
These predicted results for Fπγ(Q

2) agree well with the
experimental data in the whole Q2 region. In the present
paper, we will adopt this newly developed method to esti-
mate the higher Fock state contributions of the form fac-
tors Fηγ(Q

2) and Fη′γ(Q
2) and then to derive the possible
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range for the mixing angle by comparing the predicted re-
sults with the experimental data.
As for η–η′ mixing, two mixing schemes are adopted

in the literature, i.e. the octet–singlet mixing scheme and
the quark-flavor mixing scheme. These two schemes can
be related to a proper rotation of the ideal mixing angle

(θid =− arctan
√
2�−54.7◦) [21, 33]. A dramatic simplifi-

cation can be achieved by adopting the quark-flavor mix-
ing scheme; especially, the decay constants in the quark-
flavor basis simply follow the pattern of state mixing due
to the OZI-rule [21]. Furthermore, by adopting the quark-
flavor mixing scheme and also by carefully dealing with
the higher Fock state contributions, a naive discussion (at
the end of Sect. 2.3) shows that the value of Q2Fηγ(Q

2)
decreases, while the value ofQ2Fη′γ(Q

2) increases, with in-

creasing mixing angle φ, so the possible range for φ can be
derived by comparing with the experimental data on the
form factors Fηγ(Q

2) and Fη′γ(Q
2). And then, by adopting

the relation between the two schemes as shown in [21, 33],
all the three mixing angles θP , θ1 and θ8 involved in the
octet–singlet scheme can be determined, where θP is the
mixing angle for the states and the θ1/8 are the mixing
angles for the decay constants f1 and f8. The theoretical
and phenomenological considerations performed in [19, 22,
34, 35] also favor the quark-flavor basis. Therefore, we will
adopt the quark-flavormixing scheme to do our calculation
throughout the paper.
The paper is organized as follows. In Sect. 2, we outline

our techniques for determining the η–η′ mixing angle, in
which expressions for the pseudoscalar transition form fac-
tors beyond the leading Fock state are provided. In Sect. 3,
we present the numerical results for the ηγ and η′γ tran-
sition form factors, and then we derive the possible range
for the mixing angle φ by comparing with the present ex-
perimental data on the form factorsFηγ(Q

2) and Fη′γ(Q
2).

Some discussion of the uncertainty sources for φ determin-
ation is provided in Sect. 4. The final section is reserved for
our summary.

2 η−η� mixing angle and expressions
of the pseudoscalar transition form factors
beyond the leading Fock state

2.1 Definition in the quark-flavor basis

In the quark-flavor basis, the two orthogonal basis states
are assumed to have the following parton composition in
the Fock state description:

|ηq〉= Ψηq
|uū+dd̄ 〉
√
2

+ · · · , |ηs〉= Ψηs |ss̄〉+ · · · , (1)

where the Ψηi (i= q, s) denote the LC wavefunctions of the
corresponding parton states, and the dots stand for higher
Fock states. The physical meson states are related to the

basis (1) by an orthogonal transformation,(
|η′〉
|η′〉

)
= U(φ)

(
|ηq〉
|ηs〉

)
, U(φ) =

(
cosφ − sinφ
sinφ cosφ

)
,

(2)

where φ is the mixing angle. In such a scheme, the decay
constants in the quark-flavor basis simply follow the pat-
tern of state mixing due to the OZI-rule [21], i.e.(

fqη fsη
fq
η′
fsη′

)
= U(φ)diag[fq, fs] , (3)

where the two basic decay constants fq and fs are defined
by

fi = 2
√
3

∫
k2
⊥
≤µ20

dxd2k⊥
16π3

Ψηi(x, k⊥) , (4)

with µ0 the factorization scale, which is of orderO(1 GeV).
Useful constraints to determine the η–η′ mixing angle

can be derived by considering the two-photon decay of η
and η′. The decay amplitudes of ηs→ γγ and ηq→ γγ have
a Lorentz structure similar to that of π0→ γγ [36]:1

AP→γ1(k1)γ2(k2) =
α

π

cP

fP
εµναβε∗µ(k1)ε

∗
ν(k2)k1αk2β , (5)

where the fine-structure constant α = 1/137, cP = (cs, cq)
=
(√
2/3, 5/3

)
for the states P = (ηs, ηq), and fP is the

corresponding decay constant. Then the decay widths for
η→ γγ and η′→ γγ can be written

Γη→γγ =
α2M3η

64π3

(
cq cosφ

fq
−
cs sinφ

fs

)2

and

Γη′→γγ =
α2M3η′

64π3

(
cq sinφ

fq
+
cs cosφ

fs

)2
, (6)

where the two-photon decay widths of η and η′ and their
masses can be found in PDG [37]; we have

Γη→γγ = 0.46±0.04keV , Mη = 547.30±0.12MeV ,

Γη′→γγ = 4.37±0.25keV , Mη′ = 957.78±0.14MeV .

From (6), we obtain the correlation between fq/fs and
φ:

fq =
cqα

8π3/2

[√
Γη→γγ

M3η
cosφ+

√
Γη′→γγ

M3
η′
sinφ

]−1
(7)

and

fs =
csα

8π3/2

[√
Γη′→γγ

M3
η′
cosφ−

√
Γη→γγ

M3η
sinφ

]−1
.

(8)

It shows that, knowing the range of the mixing angle φ, the
ranges of the decay constants fq and fs can be determined
accordingly, and vice versa.

1 It is noted that the higher helicity states do not have a con-
tribution to the decay amplitude.
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2.2 A brief review of the πγ transition form factor

In order to calculate the ηγ and η′γ transition form fac-
tors, we first give a brief review of the πγ transition form
factor Fπγ(Q

2). A comprehensive analysis of Fπγ(Q
2) has

been given in [32], in which the transverse-momentum de-
pendence of both the hard-scattering amplitude and the
LC wavefunction and the contributions beyond the leading
Fock state have been taken into consideration. Especially,
a phenomenological expression to estimate the contribu-
tions beyond the leading Fock state has been constructed,
which is based on the form factors’ asymptotic behavior at
Q2→ 0 and Q2→∞.
As has been pointed out in [27], the transverse-momentum

dependence of both the hard-scattering amplitude and the
wavefunction of the meson should be kept to give a consis-
tent analysis of the form factor. The revised LC harmonic
oscillator model, as suggested in [38], was employed for the
LC wavefunction Ψπ(x,k⊥), which is constructed based on
the Brodsky–Huang–Lepage (BHL) prescription [30, 31].

More explicitly, the LC wavefunction of π0 = 1√
2
|uū−dd̄ 〉

can be written as

Ψπ(x,k⊥) =Aπ

[
exp

(
−
k2⊥+m

2
q

8βπ
2x(1−x)

)
χK(mq, x,k⊥)

]
,

(9)

with the normalization constantAπ, the harmonic scale βπ
and the light quark mass mq to be determined. Since the
contribution from the higher helicity states (λ1+λ2 =±1)
has a small contribution in comparison to the usual he-
licity state (λ1+λ2 = 0), we only write the explicit term
for the usual helicity state. The spin-space wavefunction
χK(x,k⊥) for the usual helicity state of the pion can be

written [38] χK(mq, x,k⊥) =mq/
√
m2q+k

2
⊥, where k⊥ =

|k⊥|. Furthermore, one can derive a relation between mq
and βπ by adopting the constraints from π

0 → µν and
π0→ γγ [32]:

6.00
mqβπ

f2π
∼= 1.12

(
mq

βπ
+1.31

)(
mq

βπ
+5.47×101

)
.

(10)

There are two basic types of contributions to
Fπγ(Q

2) [30–32], i.e.

Fπγ(Q
2) = F (V )πγ (Q

2)+F (NV )πγ (Q2) . (11)

F
(V )
πγ (Q2) involves direct annihilation of a (qq̄)-pair into
two photons, which is the leading Fock state contribu-
tion; it dominates the large Q2 contribution. F

(NV )
πγ (Q2)

involves the case of one-photon coupling ‘inside’ the LC
wavefunction of the π meson, i.e. strong interactions occur
among the photon interactions, which is related to the con-
tributions of higher Fock states.
By keeping the transverse-momentum dependence in

both the hard scattering amplitude and the LC wave-
function, the valence quark state transition form factor

F
(V )
πγ (Q2) can be written as

F (V )πγ (Q
2) =

2
√
3eπ

∫ 1
0

[dx]

∫
d2k⊥
16π3

Ψπ(x,k⊥)TH(x, x
′,k⊥) , (12)

where [dx] = dxdx′δ(1−x−x′), eπ = (e2u− e
2
d) and the

hard-scattering amplitude TH(x, x
′,k⊥) takes the form

TH(x, x
′,k⊥) =

q⊥(x
′q⊥+k⊥)

q2⊥(x
′q⊥+k⊥)2

+(x↔ x′) .

F
(V )
πγ (Q2) can be further simplified, as the model wave-
function depends on k⊥ through k

2
⊥ only, i.e. Ψπ(x,k⊥) =

Ψπ(x, k
2
⊥), and we have

F (V )πγ (Q
2) =

√
3eπ
4π2

∫ 1
0

dx

xQ2

∫ x2Q2
0

Ψπ(x, k
2
⊥)dk

2
⊥ . (13)

As for the second type of contribution, F
(NV )
πγ (Q2), it

is difficult to calculate it in any Q2 region due to its non-
perturbative nature. One can construct a phenomenologi-
cal model for F

(NV )
πγ (Q2), based on the asymptotic behav-

ior atQ2→ 0 andQ2→∞. As suggested in [32], we assume
that it takes the following form:

F (NV )πγ (Q2) =
α

(1+Q2/κ2)2
, (14)

where κ and α are two parameters that are determined by
the asymptotic behavior at Q2→ 0, i.e.

α=
1

2
Fπγ(Q

2)|Q2→0

and

κ=

√
−

2α
∂
∂Q2
F
(NV )
πγ (Q2)|Q2→0

, (15)

where the first derivative of F
(NV )
πγ (Q2) over Q2 takes the

form

F (NV )
′

πγ (Q2)|Q2→0

=

√
3eπ
8π2

[
∂

∂Q2

∫ 1
0

∫ x2Q2
0

(
Ψπ(x, k

2
⊥)

x2Q2

)
dxdk2⊥

]

Q2→0

.

From the phenomenological formula (14), it is easy to find

that F
(NV )
πγ (Q2) will be suppressed by 1/Q2 to F

(V )
πγ (Q2) in

the limit Q2→∞.

2.3 ηγ and η�γ transition form factors

As for the LC wavefunctions for the pseudoscalars, ηq =
1√
2
|uū+dd̄ 〉 and ηs = |ss̄〉, they can be modeled as [38]

Ψηi(x,k⊥) =Ai

[
exp

(
−
k2⊥+m

2
i

8βi
2x(1−x)

)
χK(mi, x,k⊥)

]
,

(16)



774 T. Huang, X.-G. Wu: Determination of the η and η′ mixing angle from the pseudoscalar transition form factors

where i = q, s respectively. They also depend on k⊥
through k2⊥ only, i.e. Ψηi(x,k⊥) = Ψηi(x, k

2
⊥). Substituting

them into the normalization (3), we obtain

∫ 1
0

Aimiβi
√
x(1−x)

4
√
2π3/2

×

(
Erf

[√
m2i +µ

2
0

8β2i x(1−x)

]
−Erf

[√
m2i

8β2i x(1−x)

])
dx

=
fi

2
√
3
, (17)

where µ0 stands for the factorization scale, and following
the discussion in [32], we take its value to be µ0 � 2 GeV.
With such a choice, one may safely set µ0→∞ to simplify

the computation, e.g. Erf

[√
m2
i
+µ20

8β2
i
x(1−x)

]
|µ0→∞→ 1, due to

the fact that the contribution from the higher |k⊥| region
to the wavefunction normalization falls off exponentially
for the above model wavefunctions.
Under the quark-flavor mixing scheme, the ηγ and η′γ

transition form factors take the following form:

Fηγ(Q
2) = Fηqγ(Q

2) cosφ−Fηsγ(Q
2) sinφ (18)

and

Fη′γ(Q
2) = Fηqγ(Q

2) sinφ+Fηsγ(Q
2) cosφ , (19)

where Fηqγ(Q
2) and Fηsγ(Q

2) stand for the ηqγ and ηsγ
form factors, respectively. Similar to the pion–photon tran-
sition form factor, the pseudoscalar form factors FPγ(Q

2)
(P = ηq and ηs) can also be divided into the following two
parts:

FPγ(Q
2) = F

(V )
Pγ (Q

2)+F
(NV )
Pγ (Q2) . (20)

The leading Fock state contribution F
(V )
Pγ (Q

2) can be sim-
plified like (13), and we only need to replace eπ and Ψπ to
the present case of eP and ΨP , where eP = (e

2
u+ e

2
d,
√
2e2s)

for P = (ηq, ηs) respectively. And similar to (14), we as-
sume the following form for the power suppressed non-

leading Fock state contribution F
(NV )
Pγ (Q2):

F
(NV )
Pγ (Q2) =

α

(1+Q2/κ2)2
, (21)

where κ and α are two parameters that are determined by

α=
1

2
FPγ(Q

2)|Q2→0 ,

κ=

√√√√− 2α

∂
∂Q2
F
(NV )
Pγ (Q2)

∣∣∣
Q2→0

, (22)

where the first derivative of F
(NV )
Pγ (Q2) over Q2 takes the

form

F
(NV )′

Pγ (Q2)|Q2→0

=

√
3eP
8π2

[
∂

∂Q2

∫ 1
0

∫ x2Q2
0

(
ΨP (x, k

2
⊥)

x2Q2

)
dxdk2⊥

]

Q2→0

.

Naively, under strict SU(3)F symmetry, one has
Fηqγ(Q

2)∼= Fηsγ(Q
2), which leads to

Fηγ(Q
2)∝ cos(φ+45◦) and Fη′γ(Q

2)∝ sin(φ+45◦) .
(23)

Therefore, if φ varies within the region of [0, 45◦], which is
most probably the case, Fηγ(Q

2) under SU(3) will decrease
with increasing φ, while Fη′γ(Q

2) will also increase with φ.
In the next section, we will show that in the case of broken
SU(3)F symmetry, this is still a fact. And then the possible
range of φ can be obtained by comparing with the experi-
mental data on the transition form factors Fηγ(Q

2) and
Fη′γ(Q

2).

3 Numerical analysis

With the help of the constraints from the two-photon de-
cay amplitudes of η and η′ (e.g. (7) and (8)) and the ex-
perimental data on the ηγ and η′γ transition form fac-
tors [5–9], one can obtain a reasonable region for φ. There
are several parameters in the wavefunction ΨP to be deter-
mined. As for the constituent quark masses, we take the
conventional values: mu,d = 300MeV and ms = 450MeV.
By studying the pion–photon transition form factor, one
may observe that the best fit of the experimental data is
derived in the case of mu,d � 300MeV [32]. For the trans-
verse parameters βπ, βq and βs, they are proportional to
the inverses of the charge radii of the corresponding va-
lence quark states [39]. The differences between them are
less than∼ 10%, as shown in [40]. For simplicity, we assume
βq = βs = βπ throughout this work. The uncertainties from
the different choices of βq, βs, mu,d and ms will be dis-
cussed in Sect. 4.
As for the experimental results of Fηγ(Q

2) and
Fη′γ(Q

2), we take the pole-mass parameter fit formula that
is adopted in those experiments [5–9]:

Q2F(η/η′)γ(Q
2)

=
1

(4πα)2

√
64πΓ [(η/η′)→ γγ]

M3P

Q2

1+Q2/Λ2P
. (24)

As for the values of Λη and Λη′ , we have

Λη = 774±11±16±22MeV ,

Λη′ = 859±9±18±20MeV (25)

for the CLEO collaboration [5, 6];

Λη = 0.70±0.08GeV , Λη′ = 0.85±0.07GeV (26)

for the TPC/Two-Gamma collaboration [8];

Λη′ = 900±46±22MeV (27)

for the L3 collaboration [9], and

Λη = 0.84±0.06GeV , Λη′ = 0.79±0.04GeV (28)
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Fig. 1. Color on-line: Pole-mass fit of Q2Fηγ(Q
2) (left) and Q2Fη′γ(Q

2) (right) from the experimental data [5–9]. The solid line
stands for the average pole-mass fit with Λ̄η = 771MeV or Λ̄η′ = 850MeV and the shaded band shows the experimental uncertainty

Fig. 2. Color on-line: Q2Fηγ(Q
2) and Q2Fη′γ(Q

2) with the BHL-like wavefunction. The dash-dot line, the solid line and the

dashed line are for φ= 37.0◦, φ= 38.0◦ and φ= 39.0◦, respectively. It shows thatQ2Fηγ(Q
2) decreases and Q2Fη′γ(Q

2) increases
with increasing φ. The shaded band is the region allowed by the experiments [5–9]

for the CELLO collaboration [7]. Averaging the above
experimental values, we obtain the central values for Λη
and Λη′ , i.e. Λ̄η = 771MeV and Λ̄η′ = 850MeV. We draw
the pole-mass fit of the form factors Q2Fηγ(Q

2) and
Q2Fη′γ(Q

2) in Fig. 1, where the shaded band is derived
by adopting the pole-mass fit formula (24) and by vary-
ing Λη and Λη′ within the widest possible range allowed
by the above experimental results.2 The shaded band (re-
gion) for Q2Fηγ(Q

2) and Q2Fη′γ(Q
2) can be regarded as

constraints to determine the η/η′ wavefunctions, i.e. the
values of the parameters in the wavefunctions and also the

2 Here we do not take the weighted average of these experi-
ments and treat them on an equal footing, as these experiments
concentrate on different energy regions and only a few data are
available.

mixing angle φ should take Q2Fηγ(Q
2) and Q2Fη′γ(Q

2)

to within the region of the shaded bands as shown in
Fig. 1.
From (17), we obtain

Aq � 2.77×10
2fq and As � 2.85×10

2fs ,

and then with the help of (7), (8), (18) and (19), it can
be found that only the mixing angle φ is undetermined.
As shown in Fig. 2, one may observe that the value of
Q2Fηγ(Q

2) decreases with increasing φ, while the value of

Q2Fη′γ(Q
2) increases, and such a fact can be used to de-

termine the possible range for φ by comparing with the
experimental data. In fact, it can be found that the lower
limit of φ is determined byQ2Fηγ(Q

2), and the upper limit
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of φ is determined by Q2Fη′γ(Q
2), i.e.

φ∼= 38.0◦±1.0◦ . (29)

Furthermore, we obtain
fq
fπ
= 1.07±0.01 and fs

fπ
= 1.24±

0.10. By using the correlation between the quark-flavor
mixing scheme and the octet–singlet scheme [21, 33], we
obtain

θP = φ−arctan
√
2 =−17.0◦±1.0◦ , (30)

θ8 = φ−arctan

√
2fs
fq
=−20.7◦±1.0◦ ,

θ1 = φ−arctan

√
2fq
fs
=−12.6◦±3.3◦ (31)

and

f8

fπ
=

√
f2q +2f

2
s

3

/
fπ = 1.19±0.07 ,

f1

fπ
=

√
2f2q +f

2
s

3

/
fπ = 1.13±0.03 . (32)

4 Discussion of the uncertainties
in determining φ

In this section, we discuss the uncertainties in deter-
mining the mixing angle φ from the above approach.
First, we compare the differences caused by the differ-
ent model wavefunctions, e.g. the BHL-like one and the
CZ-like (Chernyak–Zhitnitsky-like) one [41] which is much
broader. Next, we restrict ourselves to the use of the BHL-
like model wavefunction for a detailed analysis of the
effects on the determination of φ caused by each of the un-
certainty sources separately, where the uncertainty sources
mainly include the value of βq and βs, the masses of the
constitutent quarks u/d and s, and the possible intrinsic
charm components of η and η′. Some other even smaller un-
certainty sources for the electro-magnetic transition form
factors such as the gluon component in η/η′ will not be
discussed.3

4.1 Model dependence

One possible typical broad wavefunction is described by
the CZ-like wavefunction. For convenience and for sim-
plicity, we take mq = 0.30GeV and ms = 0.45GeV, and
βq = βs = βπ. It can be found that βπ = 0.70GeV for the
case of the CZ-like wavefunction [32].

3 The gluon contributions might be important to some other
exclusive processes like two-body non-leptonic exclusive decays
for the B meson. A discussion of the two-gluon components in
the form factors can be found in [42].

The CZ-like wavefunctions for ηq and ηs take the form

ΨCZηi (x,k⊥) =A
CZ
i (1−2x)

2

×

[
exp

(
−
k2⊥+m

2
i

8βi
2x(1−x)

)
χK(mi, x,k⊥)

]
,

(33)

where i = q, s. Following a similar procedure, it can be
found that

ACZq � 8.86×10
2fq , and ACZs � 8.95×10

2fs .

By a numerical calculation, it can be found that the ηγ
and η′γ transition form factors from the CZ-like wavefunc-
tion increase faster than the case of the BHL-like wave-
function. The shapes of the ηγ and η′γ form factors from
the BHL-like wavefunction are closer to the pole-mass pa-
rameter fits of the experimental data. Although the model
is different, one may find that the value of Q2Fηγ(Q

2) de-
creases with increasing φ, while the value of Q2Fη′γ(Q

2)
increases. Therefore, the range for φ can also be estimated,
i.e. φ∼= 38.0◦±1.0◦, which is close to the case of the BHL-
like wavefunction. This shows that the η–η′ mixing angle φ
is almost model independent in our approach.
Recently, the BaBar collaboration has measured the

value ofQ2Fηγ(Q
2) andQ2Fη′γ(Q

2) atQ2 = 112GeV2 [12]:

Q2Fηγ(Q
2) = 0.229±0.030±0.008GeV andQ2Fη′γ(Q

2) =
0.251±0.019±0.008GeV, and the ratio of the form factors

κ=
Q2Fη′γ(Q

2)

Q2Fηγ(Q2)

∣∣∣∣
Q2=112 GeV2

= 1.10±0.17 .

In the case of φ ∈ [37◦, 39◦], for the BHL-like wave-
function, we have Q2Fηγ(Q

2) = [0.176, 0.190]GeV and
Q2Fη′γ(Q

2) = [0.228, 0.277]GeV at Q2 = 112GeV2, which
is close to the experimental values4 and leads to κ =
1.44± 0.06., while for the CZ-like wavefunction we have
Q2Fηγ(Q

2) = [0.267, 0.297]GeV and Q2Fη′γ(Q
2) =

[0.388, 0.411]GeV at Q2 = 112GeV2, which is somewhat
bigger than the experimental values and leads to κ =
1.41± 0.06. For comparison, one may conclude that the
asymptotic behavior of the form factors Q2Fηγ(Q

2) and
Q2Fη′γ(Q

2) disfavor the CZ-like wavefunction but favor
the asymptotic-like wavefunction.
It is due to these differences that the form factors of

the CZ-like wavefunction and the BHL-like one are affected
differently by the following uncertainty sources. For ex-
ample, as shown in [32], the best fit of the πγ form factor
to the experimental data is obtained withmq � 300MeV in
the case of the BHL-like wavefunction, which is shifted to
mq � 400MeV for the case of the CZ-like wavefunction.
In the following, we will only take the BHL-like wave-

function as an explicit example to show the uncertainties;
the case of the CZ-like one can be done in a similar way.
For clarity, in studying the uncertainty caused by a cer-
tain source, the other uncertainty sources are taken to have
their central values, as adopted above.

4 It is also close to the theoretical predictions based on
the asymptotic wavefunction that have been shown clearly in
Fig. 13 of [12].
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4.2 The uncertainty ∆φm from mq and ms

We take a wider range for mq and ms to study their ef-
fects on the mixing angle φ, e.g. mq = 0.30± 0.10GeV
and ms = 0.45± 0.10GeV. In the present case we adopt
βp = βs = βπ, where the value of βπ varies within the region
of [0.48, 0.70]GeV according to the value of mq [32]. From
(17), we obtain the uncertainty from the constituent quark
masses:

Ap � 2.77
+1.00
−0.48×10

2fp , As � 2.85
+1.99
−1.10×10

2fs ,

where both Ap and As increase with the increment of mq
andms respectively. Also, it can be found numerically that

∆φm ≤±0.5◦ . (34)

4.3 The uncertainty ∆φβ from βq and βs

Due to SU(3) symmetry breaking, there are differences
among βπ, βq and βs, which are smaller than 10%, as can
be seen by a light-cone quark model analysis [40]. For clar-
ity, we choose the broader ranges of βq = 0.55±0.10GeV
and βs = 0.55±0.10GeV to discuss how these transverse
size parameters affect the mixing angle. Other wavefunc-
tion parameters are fixed by setting mq = 0.30GeV (or
equivalently βπ = 0.55GeV) and ms = 0.45GeV. Under
such conditions, we have the following uncertainty from the
transverse parameters βq and βs:

Ap � 2.77
+1.31
−0.69×10

2fp , As � 2.85
+1.94
−0.89×10

2fs ,

where both Ap and As increase with the decreasing βp and
βs, respectively. It can be found numerically that

∆φβ ≤±2.0◦ . (35)

4.4 The uncertainty ∆φc

from the intrinsic charm component

It has been suggested that a larger intrinsic charm com-
ponent might be possible, explaining the abnormally large
production of η′ in the standard model [43, 44]. However,
some studies in the literature disfavor such a large intrin-
sic charm component; see e.g. [19, 24, 45, 46] and references
therein. It has been found [19] that the mixing between the
cc̄ state with a qq̄–ss̄ basis is quite small, e.g. less than 2%.
So, for simplicity, we do not consider the mixing between a
cc̄ and a qq̄–ss̄ basis. We then have

Fηγ(Q
2) = Fηqγ(Q

2) cosφ−Fηsγ(Q
2) sinφ+F ηηcγ(Q

2) ,

(36)

Fη′γ(Q
2) = Fηqγ(Q

2) sinφ+Fηsγ(Q
2) cosφ+F η

′

ηcγ(Q
2) ,

(37)

where F ηηcγ(Q
2) and F η

′

ηcγ(Q
2) correspond to the contri-

butions from the intrinsic charm component in η and η′,
respectively, which will be calculated in the following.

The wavefunction of the “intrinsic” charm component
ηc = |cc̄〉 can be modeled by

Ψ cη/η′(x,k⊥) =

Acη/η′

[
exp

(
−
k2⊥+m

2
c

8βc
2x(1−x)

)
χK(mc, x,k⊥)

]
, (38)

where we adopt βc = βπ = 0.55GeV and mc = 1.5 GeV.
5

The overall factor Acη/η′ is determined by a wavefunction
normalization similar to (17), which shows that

Acη = 9.45×10
3f cη , A

c
η′ = 9.45×10

3f cη′ ,

where f cη and f
c
η′ are related by [19],

f cη

f c
η′
=− tan

[
φ−arctan

√
2fs
fq

]
(39)

and on taking φ= 38.0◦±1.0◦, we have
fcη
fc
η′
= [0.36, 0.40].

It is noted that different from the ηqγ and ηsγ transition
form factors, the helicity-flip amplitude, which is propor-
tional to the current quark mass, cannot be ignored for the
present case. For the ηcγ transition form factor, a direct
calculation shows6 that

F η/η
′

ηcγ
(Q2) = 2

√
6e2c

∫ 1
0

[dx]

×

∫
d2k⊥
16π3

Ψ cη/η′(x,k⊥)T
c
H(x, x

′,k⊥) .

(40)

where the hard-scattering amplitude T cH(x, x
′,k⊥), which

includes all the helicity states (λ1+λ2 = 0,±1) of ηc takes
the form [24, 47],

T cH(x, x
′,k⊥) =

q⊥(x
′q⊥+k⊥)

q2⊥[(x
′q⊥+k⊥)2+m2c]

+ (x↔ x′) . (41)

The above formula can be further simplified by doing the
integration over the azimuthal angle:

Fηcγ(Q
2) =

√
6e2c
4π2

∫ 1
0

dx

xQ2

∫ ∞
0

Ψ cη/η′(x, k
2
⊥)

×

[
1+

1− z−y2√
(z+(1−y)2)(z+(1+y)2)

]
k⊥dk⊥ ,

(42)

where z =
m2c
x2Q2

and y = k⊥
xQ
.

5 By varying βc and mc within their possible regions, the fol-
lowing results will be only slightly changed, and the present
conceptual results stay the same.
6 We will not consider the contribution of the non-valence
charm quark states, since it is quite small due to the large
charm mass effect.



778 T. Huang, X.-G. Wu: Determination of the η and η′ mixing angle from the pseudoscalar transition form factors

Fig. 3. Q2Fηγ(Q
2) and Q2Fη′γ(Q

2) for φ = 38.0◦ with the BHL-like wavefunction. The shaded band shows the experimental
uncertainty [5–9]. The solid line, the dotted line, the dashed line and the triangle line are for fcη′ = 0, −5MeV, −15MeV and
−50MeV, respectively

Taking φ= 38.0◦, we show in Fig. 3 how the value of f cη′
affects the form factors Q2Fηγ(Q

2) and Q2Fη′γ(Q
2). One

may observe that the experimental data disfavor a larger
charm component: |f cη′ |> 50MeV. Or conversely, it can be

founded that under the condition of |f cη′ | ≤ 50MeV, the un-
certainty from the possible intrinsic charm components is
given by

∆φc ≤±1◦ . (43)

4.5 A summary remark on φ

Under the quark-flavor mixing scheme, and by carefully
dealing with the contributions of the higher Fock states,
the possible range for φ can be derived by comparing with
the experimental data on the form factors Fηγ(Q

2) and
Fη′γ(Q

2), due to the fact that the value of Q2Fηγ(Q
2) de-

creases, while the value of Q2Fη′γ(Q
2) increases, with in-

creasing φ in the whole Q2 region. It has been found that
the allowed range for the mixing angle φ is

φ∼= 38.0◦±1.0◦±2.0◦ , (44)

where the first error is from the experimental uncer-
tainty [5–9] and the second error is from the uncertainties
of the wavefunction parameters and the possible intrinsic
charm component in η and η′. It should be noted that the
second uncertainty is lower than the direct sum of the er-
rors caused by each source separately, i.e. ∆φm+∆φβ+
∆φc, which is due to the fact that these uncertainty sources
are correlated to each other.

5 Summary

In the present paper, we have performed a light-cone
pQCD analysis of the ηγ and η′γ transition form fac-

tors Fηγ(Q
2) and Fη′γ(Q

2) involving the transverse-
momentum corrections, in which η–η′ mixing effects and
the contributions beyond the leading Fock state have been
taken in consideration. For this purpose, we have adopted
the quark-flavor mixing scheme for η and η′ mixing, and
we have constructed a phenomenological expression to es-
timate the contributions beyond the leading Fock state
based on its asymptotic behavior at Q2→ 0 and Q2→∞.
It has been found that the value of Q2Fηγ(Q

2) decreases,
while the value of Q2Fη′γ(Q

2) increases, with increasing
φ, in the whole Q2 region, and thus the possible range for
φ can be determined by comparing with the experimen-
tal data, which is found to be φ∼= 38.0◦±1.0◦±2.0◦, with
the first error coming from experimental uncertainty [5–
9] and the second error from the uncertainties of the
wavefunction parameters and the possible intrinsic charm
component in η and η′. A more accurate weighted aver-
age of the above mentioned value together with the seven
adopted experimental values as described in [19], and the
two new experimental values, φ = 41.2◦± 1.2◦ [14] and
φ= 38.8◦±1.2◦ [15], yields φ̄= 39.5◦±0.5◦. Furthermore,
our results show that the η–η′ mixing angle φ slightly de-
pends on the different wavefunction models. However, the
asymptotic behavior of the form factors Q2Fηγ(Q

2) and
Q2Fη′γ(Q

2) disfavor the CZ-like wavefunction but favor
the asymptotic-like wavefunction. It has been found that
the intrinsic charm component in η and η′ cannot be too
big; e.g. |f cη′ | < 50MeV. Such a conclusion agrees with
other investigations [19, 24, 45, 46]. These results are help-
ful to understand other exclusive processes involving the
pseudo-scales η and η′.
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